1080

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 36, NO. 6, JUNE 1988

The Propagation of Signals Along a
Three-Layered Region: Microstrip

RONOLD W. P. KING, LIFE FELLOW, IEEE

Abstract -—The tangential components of the electric field on the
air-substrate surface of a three-layered region such as microstrip are
determined when the source is a unit electric dipole on that surface. This is
done by integrating the rigorous Hankel transforms subject to the condi-
tion k2 <|k7| < |k2|, where k, is the wavenumber of air, k; of the
substrate, and %, of the conductor. It is found that the field consists of
lateral-wave terms and direct-wave terms with different wavenumbers and
phase velocities. The significance of these characteristics is discussed with
reference to dispersion and coupling.

I[. INTRODUCTION

N IMPORTANT type of electric circuit, illustrated

in Fig. 1, consists of conducting paths in the form of
thin copper strips on a dielectric layer or substrate that is
bounded on one side by air, on the other side by a
conducting sheet that is thick compared to the skin depth.
The substrate is bonded to the conducting sheet and the
combination is generally known as microstrip. Microstrip
citcuits, including especially transmission lines and anten-
nas, are printed or etched on the substrate and, at ap-
propriate points, connected through it to the conducting
sheet. They are of primary importance in the frequency
band from 0.1 to 100 GHz.

Microstrip transmission lines have been a subject of
theoretical and experimental investigation for more than a
quarter century. It is well known that they do not support
a TEM mode [1], [2], as do the familiar coaxial and
open-wire lines; even TE and TM modes of conventional
type are not possible. As a consequence, the accurate
analysis of microstrip transmission lines is difficult. A
principal approach was introduced by Wu [1] in the form
of a Fourier transform. A generalization of this method to
include the application of various integral transforms, such
as the Fourier and Hankel transforms, to boundary-value
problems such as microstrip is commonly referred to as the
spectral-domain approach [3]. There is a very extensive
literature on this and related subjects [4]-][9]. Unfor-
tunately, the application of an integral transform and the
subsequent solution of the closed-form integral equation
by numerical methods is a complicated and time-consum-
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ing process, not conveniently used with practical circuits.
Alternative approximate procedures include (1) the de-
termination of the effective permittivity of an “equivalent”
single-dielectric, TEM-mode transmission line with a phase
velocity equal to that of the microstrip line [10], and (2)
the assumption that “the quasi-TEM mode on microstrip
is primarily a single, longitudinal-section electric mode”
combined with the introduction of an appropriate model
with a U-shaped cross section that can be analyzed and
that has dispersion characteristics resembling those of mi-
crostrip [11]. These considerations are no less significant
for transient signals and pulses [12]. Similar problems of
dispersion and coupling occur in the analysis of microstrip
antennas [13], [14].

It is, of course, well known that a dielectric-coated
conducting plane supports a surface wave that propagates
in both the dielectric and the air [15]. It is derived as a
possible solution of Maxwell’s equations when the ap-
propriate conditions are imposed. These include the re-
quirement that the electromagnetic field in the air be
exponentially attenuated in the direction normal to the
surface of the dielectric. The phase velocity of propagation
along the surface in both air and the dielectric is inter-
mediate to the velocity ¢ in air and ce~'/? in the dielectric.
Although a possible solution of Maxwell’s equations, this
type of surface wave is not excited by currents in conduc-
tors on the air—substrate interface.

The rigorous approach to the analysis of microstrip
circuits and the resolution of perplexing problems of dis-
persion and coupling must necessarily follow the path
already taken in the spectral-domain formulation. How-
ever, there is an alternative to attempting to solve the
resulting complicated and physically obscure integrals
numerically. It is to seek a fundamental understanding of
the nature of electromagnetic wave propagation in micro-
strip by obtaining simple analytical approximations of the
integrals in a manner similar to that carried out for the
problem of two electrically different half-spaces [16].

Actually microstrip is a three-layered region the proper-
ties of which can be investigated in terms of the electro-
magnetic field generated by a horizontal electric dipole on
the air-dielectric surface—which can be looked upon as
an element of a transmission line or antenna—and vertical
electric dipoles in the dielectric—which correspond to
elements of a vertical conductor joining a horizontal cir-
cuit through the substrate to the conducting plane.
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Fig. 1. Unit electric dipole on plane boundary z = 0 between air and a

sheet of dielectric with thickness / over a conducting ground plane.

II. THE FIELD OF A HORIZONTAL ELECTRIC DIPOLE
ON THE AIR-DIELECTRIC BOUNDARY

The circuit to be treated is illustrated in Fig. 1. It
consists of a unit electric dipole (electric moment I (0)4,
=1 Am) on the air-dielectric boundary with its axis
parallel to the x axis and with its center at the origin,
x=y=2z={(. The air is region 0 (z<0, wavenumber
ko= w/c); the dielectric is region 1 (0 < z </, wavenum-
ber k; = B, + ia;, a; < B,); and the conducting half-space
is region 2 (I < z < o0, wavenumber k, = B8, + ia,, a, ~ B,).
In typical applications, / ~ 0.1 cm, €,, ~ 2-4, f ~ 0.8 GHz,
and o, ~1.7X10% S/m, or / ~ 0.66 cm, €, >9, f~0.5-7
GHz. In millimeter-wave applications, f can be as high as
94 GHz.

The determination of the electromagnetic field in rela-
tively simple form is made possible when the following
inequalities are satisfied:

k§ <|ki| < |k3]. (1)
For the tangential components E, and E,, primary inter-
est is in the field at or near the air-dielectric boundary,
ie., at or near z=0; for the vertical component E,,
interest is in the field in the dielectric, ie., 0 <z </. The
source dipole is located on the boundary at d = 0. Because
the tangential components of the electric field are continu-
ous across the boundary, it follows that in the cylindrical
coordinates P> ¢> Z, EOp(p’ 4’70) = Elp(pa ¢70); EO¢(p» ¢9 O)
= E,,(p, $,0). However, k3E,,(p, $,0) = k7E1,(p, $,0).

These components are given by the following integrals:

E,(p,9,0) _ Wy {cos¢}
Ei(p,$,0)[  4nk?|sing

X

/0‘”2{?21 [(A0)F 5 (A)]
+ Ek;— [J,(Ap) £ JZ(AP)]}A‘”‘
j.'/(;w{—yzi(Q3—1)[JO(}\P)$Jz(}\P)]

- %(1’3 +1)[J(Ap) £ JZ(?\p)]})\d}\)
@)

059 [ (0 + DAy (Ap)eneN a
(3)

Lwpkg
Admk}

Elz(p’¢9z) =
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where J,(Ap), J(Ap), and J,(Ap) are Bessel functions,
y,= (k2 -x)" ©
and, for the three-layered region,
= Jer =93
_ k3vo— kiv, - i[k1270(72/71) - k(2)71(k%/ki7')] tan v,/
- k3vo+ kdv, — i[kIZYO(YZ/Yl)+ kg-yl(kg/klz)] tany,/

(%)
_ Yo_'Yz—i[Yo('Yz/Yl)“h] tany,/ (6)
Yo+ 72— i[vo(va/ 1) + ] tanmy !’

Here f,, and f,, are the reflection coefficients at the
air-dielectric boundary for the three-layered region. When
the thickness / of the layer becomes infinite so that tany,/
—{ and only the two half-spaces—region 0 and region 1
—remain,

~fmr=P3

o kve—kin
¢ k1270+k(2)71

Yo M1
= - (D
Yot 11

These are the negative of the reflection coefficients for the
two-layered region. Similarly, when / — 0, tany,/ -0 and

“fmr=P

k_%Yo‘k(%Yz
k%Yo + ké'}’z

Yo~ T2
iy &
Yo T Y2

The expressions (5) for Q, and (6) for P, can be re-
arranged to give

" vl — ay, + icy, tany,/]

_fer=Q= "fmr=P=

?(Q3_1) B Yo+ av, — i[b(Yora/ 1)+ cv] tanyy! ©)
k—12(P +1) = kleo[l"i(Yz/Yl)tanYll] (10)
o nlvo+y2—i(yor2/ v+ ) tanyy/]
where

a=k2/k; b=k2/k? c=k}/ki. (11)
If it is assumed that the substrate is electrically thin so that
k)2 <3 (12)

the approximation
tany,/ ~ v,/ (13)

is appropriate. With (1) and (11), it follows that the
leading term in (9) is
icyl

Y1
20.-1) ~ — )
2 (Q3 ) Yo~ ichzl

(14)

Note that this approximation implies that |cy?l| > |ay,| in
the significant ranges of the variable of integration A in
the integrals in (2). With (11), this is equivalent to

k1| > 1. (15)

For carrying out the integrations in (2), the following
rearrangement of (14) is convenient:

Tz \MN RN TS N L
k1 Yo’"l(koY1l/k1) Yo Yo
(16)

30:-1)~
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When this formula is substituted in (2), it is clear that the
integrands that contain the square bracket in (16) become
large only when A is at or near A~ k, Hence, since
|k2| > k2, it follows that |k?|> A% in the range of signifi-

cant contributions to the integral, so that y, = (k§ — A*)!/?
~ k,. With these approximations, (16) becomes
Y1 1 1 ikl y;
- -1) ~ k| ————— |+ —5—. (17
2(Q3 ) 0 I[Yo'ikél Yo] ki ¥ ()

When a similar rearrangement and approximations are
made in (10), the corresponding result is

k? k2 (1~ ik,
—1(P3+1)~————1( ) Yo (18)
27 k, "1

With (14) and (18), (2) becomes

Wito
Eyy(p.9:0) = =z c0s¢[26,0(p) + Fa(p)] (19)
Wik
E,(p.9,0) ~ e sing[2F,0(p)+ Falp)]  (20)
where
I
Fy(p) = —2ee| = + = (21)
o[k Ky
F¢o(P)=—ek1"(—p——§—;§) (22)

and F 1( p) and F,(p) are, respectively, the second in-
tegrals in (2). Wxth (17) and (18), these reduce to

Fy(p)=1,,(p)+ F3(p) Fou(p) = Fyu(p)+ Fyalp)
(23)
where
£, i (% © Y1
F:;EZ;} - ';I;Tlf :0 [Jo(}‘P)“'Jz(}\P)]}‘d}‘
sz(P)
*{Gﬁ(p)} (24)
Fp3(p) ki(1—ikyl) poovg
F¢3(p)} - ‘T—f [JO(}‘P)"'Jz(}‘P)])\dA
(25)
and
sz(P) 1
G.ﬂ(p)} il [ [ Tkl v_o}
[(Ap) F L(Ap)]NdX. (26)
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The integrals in (24) and (25) can be expanded as follows:

ikdl
F(p) = o [kih = L] + ikdkyils (27)
1
ikl
Fy(p) = F[kflz = L] + ikl (28)
1
ki(1—ik,l)
E>3(P)=_1k717 (29)
2
k3 (1—ikyl)
F¢3(P)='1—‘];_‘2“‘ 8 (30)
2
where
© Y1
L= ["[4(Ae) = L(Ap)]AdA
0 Yo
2i ! + 1+ : ki
B P PR TP
__2_k£|:_}_+(ik_o_l)elk0p] (31)
ko o> \p o
oo‘Yl
12=/ —[Jo(Ap) + L (Ap)] A dA
0 Yo
2k
= 1—-2i thyp L 1- thop
(=) 1 k) ()
© Yy
3=f _[JO(AP)—JZ(AP)]X}d}\
0 Yo
Ti
=2kf|i| 5 + hap
1[1 5 2k1p3)e
koliky 2 2i
| elkop 33
kl( o p2 k0p3) :I ( )
Y
I4=f - [Jo(}\P)+J2(>\P)]}‘3d>‘
0 Yo
1 3 kol 1 i
=2k2 —_—t — lklP___O — + thkop
1[( kyp® 2k12p4)e kl(pz kop3)e ]
(34)
o 1 1
I, = —_— Ap)—
. fo[yo—ikgz YO][JO( 0)— L(Ap)]NdA
1,2
=——4ik§le’k°"(L) e PF(p') (35)
kop
© 1 1
Iy = — = — || Jy(A
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17=f0°o

?[JO(AP)-F Jz()\P)P\d)\

1

(38)

In (35) and (36),

' =kop(k31%/2)
t

F(p)= —(1+,) f Ll (39)

The evaluation of these integrals follows the methods used
in similar integrals in earlier papers {17]-[20]. Since the
details require much space, they are omitted.

When (27)—(30) are used in (23) to obtain
F,;(p), these become

Fy(p) and

o fks K3 ., | K
Fpl(p)=1kll ;;Il*k—%l3+k117+k01 —-k—I (40)
kK |k
F¢1(p)=1k11 7(‘1‘12—]{—13[4+k118+k01 —‘—I (41)

The appropriate integrals from (31)-(38) are now sub-
stituted in (40) and (41) and small terms of the order of
kZ/k? and k, /k, are neglected. The Fresnel-integral terms
are also omitted since they are significant only at large
distances. The results are

ikr k., i\ .
Fp1(P) ~ —=2ik,l [(—0 - _;) _ _3_) eikop
p P

0

k i )
+i p—;+2—p3 e’k“’] (42)
w(p) ~ —2ik,! [2( + — |ethor
lk12 3k, 5i ko
+ i T - ?p.z - 8_[)3 et (43)

These formulas can be substituted in (19) and (20) together
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with (21) and (22) to obtain

E, (p,4,0) ~ -Jf—cosqb{ "‘“’[2

ki
___+ —_
P’ 293)]

ky i
JE— + —_—
A )

i k i
+ ik le’k""(—g— -p—g— —3)} (44)
iky ky i
E(p,9,0) ~ - ing( e'k1r -—=—-—=
16(0,9,0) 5 klzs ¢{e [( P p3)
ik? 3k, 5i
Lo 202 8
i
+2ik le”‘°”(—-+-p—3 } (45)

The corresponding expression for E;,(p, ¢, z) is readily
derived from (3) in the form

Elz(P ¢,Z)_ o cosqb[2on(p,z)+ 1(9’2)] (46)

4wk}
where
k2 3ik 3
kyr 1
olp,z)=—¢e" t+——= 47
Fole.2) (P)(P o’ 93) (4)
® 2
Fa(p,2) = [(Qa=1)h(Ao)emNaN.  (48)
With (17),
1 2ikl vi
—1~2ikl —— |+ —. (49
2 O[Yo—ikél Yo] kKt Yo (49)

It follows that

1 1
- ——}Jl(kp))\zdk

Yo — ik(%l Yo

=]
Fa(p. 2) ~ 2ikgle [ [
0

w 1
Nil-21,1k12 2
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0
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The three integrals are

o] 1 1
= ——— — — | J(Ap) N2 dA
¥ l; [Yo—ikél Yo} 1(Ae)

o \1/2
= —2k3le”"°”(——) e PF(p)

(51)

o 1 (ke i
9, = —J(Ap)NdA = —etkor| — 4 — (52)
2 -é Yo 1(Ae) p P
o k, 2i 3
8= [ —J(Ap)NdX=kjetkor| — + =5 + ——
3 /(; Yo 1( P) 0 0 0 k0p3

(53)

where p’ and Z(p’) are defined in (39). As with the
integrals (31)—(38), the details of integration are omitted.

When these values are inserted in F;(p, z), it turns out
that the contributions from the first and third integrals are
negligible because of the small factors k3 /k and kjl?, so
that

F‘Zl(p7 Z) -~ —21kél elkopelklz

(54)

k i
Foy L
PP

and

E iwpg z\ [ ky N 3i 3 o
1z(p9¢?z)~ 2'/7k1 COS¢ (p) p p2 k1p3 e

ko

ki

0 1
+lkll —-+'—2
p p

etkopezklzjl (55)

where r = (p* + z3)'/2,

These are the final formulas for the tangential electric
field along the air—substrate boundary in microstrip and
the vertical electric field in its interior when excited by a
unit horizontal electric dipole at p=0 on the boundary
with d = 0. They are good approximations when

kk<|ki| < k3| [k, <1<k, (56)

I11.

It is instructive to compare the formulas for the electric
field on the air—dielectric surface when the dielectric is a
thin layer on a conducting half-space and when the dielec-
tric is infinitely thick. The general formulas for the two
half-spaces consisting of air (region 0) and a dielectric
(region 1) when both the point of observation and the
source are on the boundary z=0 are readily obtained
from [16]. They are

COMPARISON WITH THE TwoO-LAYERED REGION

Wit ky i3,
Elp(p,cp,O): Tk cosqb[ ~—2~+E e'kie
1
ik ko i
_(__9___2___3. etkop} (57)
I
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_ Wiy | ky ! thyp
E1¢(p’¢70)"_ 27Tk12 sing ?"'E e
k
2|5+ e'kop} (58)
0

iwhg z\{ky 3i 3
E ~ — — —_— e ikyr
u(p.#.2) 27k, COS¢{(P)( o P ke
k3[[ 1 3
+ — — + ikyr
ki [( o 2k193)e

k ,
Y + ,__15 elkopezklz .
PP

For simplicity, the Fresnel-integral terms have been omitted
in (57)—(59) since they contribute negligibly when kyp <
|k2/k?|. In these formulas the terms multiplied by e'*o?
are the lateral wave that travels along the surface in the air,
the terms multiplied by e*¥'* are the wave that travels in
the dielectric.

The leading terms in the presence of a conducting plane
below a dielectric layer of small thickness / are given in
(44), (45), and (55). A comparison with (57)—(59) shows
that the lateral-wave terms are the same except that, for
the three-layered region, they are multiplied by the ad-
ditional factor — ik,l. This factor appears because the field
from the dipole source not only travels upward into the air
and then horizontally along the boundary, but also travels
downward through the dielectric substrate to be reflected
by the conducting half-space. This reflected field travels
back up through the dielectric, and is partly reflected,
partly transmitted at the air boundary. The total field that
enters the air and travels along the boundary has been
multiply reflected and necessarily depends on /. The wave
traveling in the dielectric includes terms that represent a
direct transmission from the source to the point of ob-
servation and are independent of / and other terms that
are modified by multiple reflections so that they depend
on /.

(59)

IV. PROPERTIES OF THE FIELD

The field given by (44), (45), and (55) is very different
from the surface wave described by Attwood [15]. Instead
of a single wave that travels along the boundary partly in
each region with a common phase velocity with a magni-
tude between ¢ and ce'/?, there are two waves—the lateral
wave that travels with the velocity ¢ in the air and a wave
in the dielectric that travels with the velocity ce!/2. In this
respect the field along the air—dielectric boundary in the
three-layered microstrip is very much like the field along
the air—dielectric boundary of two half-spaces. This field
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Fig. 2. |E,| at depth z of horizontal electric dipole at depth d in water

below air,

has been studied in detail for E, and the interference
effects generated by the two outward-traveling waves with
different phase velocities have been verified [17], as shown
m Fig. 2 for the boundary between air and water with a
range of conductivities. The interference patterns along a
good dielectric such as distilled water are seen to persist
for large distances along the boundary.

Note that when a dipole operating at a single fixed
frequency generates two waves that travel outward with
different phase velocities, the effect is similar to, but is not,
dispersion. In the case at hand, the permittivities of air and
the substrate are assumed to be constants independent of
the frequency so that the phase velocities associated with
them are also frequency-independent. However, a signal
that propagates without dispersion at two different phase
velocities is distorted in transmission in a manner similar
to that observed with dispersion.

The interaction between currents in conductors that are
close together on the air—dielectric boundary is determined
by the quasi-static components that dominate when

kop <lkyp| <1. (60)

They are

1
E,(p,9,0) ~ cosqs[kll(l— 51‘) +2i| (61)

Wity
27rk12p3

3
E (0,9,0) ~ k2 3 sm¢[l l(2+ §1)+1 (62)

Note that E;,(p,0,0) and E,,(p, 7/2,0) are comparable in
magnitude. This means that collinear coupling is as strong
as broadside coupling—a situation very different from
that in a homogeneous medium.

At larger distances defined by

I<kop<|k}/2k3 KW >1  (63)

the leading terms in the field are
wiokll etkor
27k,

thkip

Elp(Pa‘#aO)"'" Ccos ¢,

(64)

iwuw, e
E1¢(p>¢70)~ 277_

(kJ—1)sing.  (65)

Note that E,,(p, 7/2,0) is now greater than E,,(p,0,0).
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V. CONCLUSIONS

The electric field generated by a horizontal electric
dipole along the boundary between the air and the sub-
strate in microstrip is complicated. However, the in-
tegrated formulas (44), (45), and (55) are both simpler and
physically more readily understood than the integrals (2)
and (3) which they approximate. Along the boundary,
E,(p,¢,0) and E,(p,9,0) each consists of two parts: a
lateral wave characterized by the exponential factor e'*o?
that travels in the air and a direct wave in the substrate
characterized by the exponential factor e’*1”. These
two components determine the interaction between cur-
rents in conductors located on the air—substrate boundary.
E|,(p, 9, z) in the substrate also includes a lateral wave
that travels along the surface and then down into the
substrate and a direct wave that travels directly through
the substrate. It determines the coupling between vertical
currents in connections from the air surface to the con-
ducting plane.

The distortion of signals as they propagate along the
surface of microstrip is not due to dispersion in the ordinary
sense that the permittivities of the air or the substrate are
frequency-dependent; rather it is due to the fact that each
signal separates into two parts, the one traveling in the air,
the other in the dielectric with different phase velocities.
If the permittivity of the substrate is frequency-dependent,
the part of the signal traveling in it will suffer dispersion;
the lateral-wave part in the air will not.

The fields determined in this paper are those of an
infinitesimal electric dipole on the air—substrate boundary.
The extension of the new theory to microstrip transmission
lines and antennas offers the possibility of challenging new
insights into their properties, notably dispersion and cou-

pling.
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